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Theory on quench-induced pattern formation:
Application to the isotropic to smecticA phase transitions
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During catastrophic processes of environmental variations of a thermodynamic system, such as rapid tem-
perature decrease, many different and complex patterns often form. To understand such phenomena, a general
mechanism is proposed based on the competition between heat transfer and conversion of heat to other energy
forms. We apply it to the smecti-filament growth process during the quench-induced isotropic to smectic-

A phase transition. Analytical forms for the buckling patterns are derived and we find good agreement with
experimental observatidid. Naito, M. Okuda, and Ou-Yang Zhong-can, Phys. Re%5F1655(1997)]. The
present work strongly indicates that rapid cooling will lead to structural transitions in the srdfiicrent at

the molecular level to optimize heat conversion. The force associated with this pattern formation process is
estimated to be on the order of 10 pN. [S1063-651X98)04311-4

PACS numbgs): 64.70.Md, 62.20.Fe, 46.30.Lx, 05.70

When a thermodynamic system in some initial stablemixture are studied both theoretically and experimentally us-
phase is subjected to rapid or abrupt environmental variaing, respectively, linear stability analysis and x-ray-
tions such as decreased temperature and varied ionic condieattering technique. Referend@s-10,§ have investigated
tions, many different patterns will often form. For example, the solid-liquid interphase patterns during directional solidi-
in volcanic eruptions streams of lava spurt out and cool rapfication processes induced by a large temperature gradient. A
idly, during which many tensile bubbles are spontaneouslyery important aspect of the mechanism for these pattern
formed and the lava becomes a porous matgtid]. Similar ~ formation phenomena is that the pattern formation is con-
bubbles and strips are seen in supercooled biomembran&slled mainly by the relatively slow diffusive transport pro-
[3]. In the rapid growth process of carbon nanotubes initiakess of heat energy out of the systE#h Thus it seems that
straight tubes are observed to change into regular helicahis mechanism cannot give a satisfactory explanation of
shapes, even at fixed environmental conditipds Other  those pattern formation processes mentioned in the first para-
puzzling phenomena include the kink instabilities of shortgraph of this paper. This is partly because of the fact that in
DNA rings in solution: On adding some specific ions, a cir-these systems the effects of other energy forms become com-
cular ring changes abruptly into a polygonal rift. parable to that of heat ener§¥—5] and they are expected to

All these transitions and pattern formations are radicallyplay a significant role in determining the patterns formed.
different from those slow, quasistatic processes discussed in In this paper we try to understand the nature of these rapid
conventional textbooks, such as the isothermal solid-liquicdbattern formation processes by regarding them as quenchlike
transitions. In the solidification process of water, for ex-processes induced by, say, decreasing temperature. Our main
ample, the transition takes place very slowly and at any timeeasoning is as follows. In a quench process caused by rapid
during this process solid and liquid phases can be regardemboling, the thermal energy or heat of the system must be
as in equilibrium with each other and with the environment,evacuated as quickly as possible. However, this demand can-
the bulk temperature is kept constant, and latent heat of tramot be met just through the relatively slow heat exchange
sition is released. However, for those catastrophic processgsocess occurring at the system surface and a great part of
mentioned abovgl-5], the quasistatic and quasiequilibrium the thermal energy is thus expected to be converted into
assumptions are no longer satisfied, since the system is nosther energy form$11,12, mechanical, elastic, and maybe
far away from equilibrium and changes rapidly over tifié ~ even electromagnetic which can accommodate a large
Therefore, we have to create different ways and insights tamount of energy quickly and efficiently. Therefore, during
properly understand them. A deep understanding of sucthe quench process, because of the competition between heat
phenomena is needed both for its own sake and for variousansfer and heat conversion, the structures of the system,
practical purposes, such as the optimal growth conditions foboth at macroscopic level and at molecular level, might
some important materials. In recent years much research ethange dramatically and many different and complex pat-
fort has been devoted to this fie]6—10. For example, in  terns are expected to form spontaneously. It resembles in
Refs.[6] and[7] (and in other referencigshe spinodal de- some sense the rapid expansion of ideal gases, which is re-
composition and formation of separate patterns in a binargarded as an adiabatic process since the system has no time

to exchange heat with the environment.
To check the validity of this perspective and show how to
*Electronic address: zhouhj@itp.ac.cn implement it in actual practice, we investigate a specific phe-
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nomenon based on this insight, namely, the growth and pat- AT+ 2K7=0 )
tern formation process of smectfc-(Sm-A) filaments from '
an isotropic(l) liquid phase induced by rapid coolifd3].  wherer is the torsion of the filament's central lime accord-
Although the subject is quite specific, the general reasoningng to the Frenet formulgl6]; overdots and double overdots
is the same and can be applied to many other pattern formanean, respectively, the first- and second-order differentia-
tion processes. Our theoretical results show that on coolingijons with respect to the arc lengsh
an initial straight filament will buckle and take on some spe- |t js obvious that a straight line is always a solution of the
cific kind of curved configuration, which can be well de- ahove equation since=r=0. The corresponding shape for-
scribed by elliptic integrals. Go_od agreement with the experimation energy of a straight filamentfis= (A +M)I, wherel
ment of Ref[14] has been attained, indicating the usefulnesss the length of the straight filament. In the rapid cooling
and robustness of our treatment. As also speculated in Rebrocess, it is impossible to effectively transfer redundant heat
[14], the present work confirms that structural transitions ingut of the system by means of heat exchange with the envi-
the SmA filament at the molecular level are required in or- ronment and a S straight filament will form spontane-
der to Optimize heat conversion. The force associated W|t|@u5|y and qu|Ck|y to part|y accommodate the redundant en-
this pattern formation is also discussed in this paper. ergy, as long as\+r=>0. Straight SmA filaments have

As observed in thé-Sm-A phase transition process4],  peen observed to form at the initial stage of the growth pro-
at the initial stage, thin, hollow, and straight Sinkiquid-  cess[14]. However, since the value af, increases with
crystalline tubes appear from tephase on cooling. As the decreasing temperatui4,17], while y exhibits no tempera-
buckle at the growing ends and take on somewhat complexooling and the equilibrium threshold condition &f=0

serpentine forms, the amplitudes of which become larger angie|ds the criteria for the growth of a straight filament as
larger. The filaments are metastable and eventually transform

to compact domains after the filaments become extremely s 2
convoluted. Although this transition phenomenon seems to  7K1N(Po/pi) +27¥(po+ pi) = mGo(po—pi) =0, (3)
be very complex, we found that its physics is actually simple
and the patterns formed can be well described by analyticddeyond which forming a straight filament will no longer help
functions. absorb thermal energy. This situation is unfavorable to the
As we have known, the net difference in the energy bequench process and consequently the resultant remnant part
tween a thin SmA filament and the phase is the sum of the of the energy will prevent the straight filament from remain-
following three terms[13,14: (i) the volume free-energy ing stable. Then a shape deformation will be induced, which
change due to thé-Sm-A transition F,=—goV=— w(pg would lead to another solution of the shape equation to con-
—piz)fgods, whereg, is the difference in the Gibbs free- vert as much of the thermal energy into elastic deformation
energy densities betwednand SmA phases and/ is the  energy as possible. In other words, the straight filament will
volume of the SmA nucleus,p, andp; are, respectively, the buckle to a curved configuration whem) the one handk
outer and inner radii of the S-microtube, and is the arc ~ and 7 should satisfy Eqg1) and (2) so the new pattern will
length along the central lineof it; (ii) the surface energy of be stable and, on the other hand, the stable new configura-
the outer and inner Sm-l interfaces Fa=y(A,+A)) tion should be capable of absorbing as much thermal energy
=2m(po+pi) vfds, wherey is the SmA-I interfacial ten- ~as possible Then, to what configurations will the filament
sion andA, and A; are the surface areas of the outer anddeform?

inner surfaces, respectively; ariili) the curvature elastic ~ Now we will prove that the observed Ski-serpentine
energy of the Sn# filament planar patterns shown in Régfl4] are just the allowed solu-

tions of Egs.(1) and(2). For the convenience of comparison
, with experimentally observed planar curved patterns, we will
Fc=(k11/2)f (V-N)“dV+(2ky1+Ks)(po—pi) 3€ K dA; confine ourselves to the planar case, whered. Then Eq.
(2) is automatically satisfied and E@L) reduces to

=kcf k(s)?ds+ Wk11|n(p0/pi)f ds, )
ko(k*+2kK)— (N +M)k%=0, 4

where kj; is the Oseen-Frank elastic constantg= 2k,
—Kop—kaa, ke=mkyy(p2—p?)I4, N andK are, respectively, where we have multiplied both sides of E¢l) by «.
the director and Gaussian curvature defined on the inner suWe define the filament’'s tangential unit vector to be
face of the SmA tube, andx is the curvature defined along t(s)=(cos¢(s),sin¢(s),0); then K2:¢2_ Inserting this into
r [14,19. Eq. (4), we know that¢ is determined by
The total energy difference is thuB=Fy+F+F,
=Kk k(s)2+ [(N+T)ds, where  N=akqIn(po/p;) ¢
+27y(po+ pi) andn=— wrgy(p2—p?) [14]. We callF the P2=—279+ (COS B o), (5)
shape formation energyf the SmA filament. The variation c
equationsF =0 yields the equilibrium-shape equation of the
filament: where n=—(\+N)/2k. [14], f is a positive constanflater
we will show thatf is actually the mean repulsive force ex-
ke(k3—2k72+2K)— (N +TM)k=0, (1) erted on the growing end of the filamgnand ¢, is an
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o I ; 3 . FIG. 2. Simulated buckling filament shape during the growth
% process. Segments formed later have longer period arc length and
FIG. 1. Shapes of one period of the buckled patt¢Er (8)] larger amplitude, caused by increased valuds of The unit length
for m=0.339 175(dotted ling, m=0.5 (dashed ling andm=0.7 is set to bey2ky/f, wherek; is the value ofk. at the onset of
(solid ling). The length unit is set to b2k /f. buckling.

integration constant. The solution of E(p) is a periodic 1 kem
function and its form in the range [ 0,arccos(t2m)] is m=s-—75¢€ (0,1), @)
expressed afgl9]

\ /2_k0|: arcsin 1-cos¢ \/5) —s—s, (6)  So is another integration constant, afidy,k) is the first
f 2m ' kind of elliptic integral. In the same range the filament shape
where is determined, up to an additive constant vector|1§j
|
2k 1-cos 1—cos
r(s)= \/TC{ZE arcsin T(ﬁ \/ﬁ) —F(arcsi Td) \/ﬁ)— V2m+cosg—1|, 8)

where E(¢#,k) is the second kind of elliptic integral. The riod is Xiax= V2K /F[2E(ym) +K(Vm)], thusY max/Xmax
trajectory of the filament in the whole range can also be=0.737 for the above-mentioned valuemf. On the experi-
obtained easily from Eqs(5), (6), and (8). The general mental side, we can estimate the values of this ratio to be,
shapes are shown in Fig. 1 in the casesmf1/2 or >0 respectively, about 0.85 and 0.64 from Fig&)land Xd) of
(dotted curvg, m=1/2 or =0 (dashed curye and m Ref.[14] and the mean value is 0.745, all in close agreement
>1/2 or <0 (solid curve for one period of the trajectory. With the theoretical value.

The total arc length of each period is calculated td 1@ As mentioned before, after buckling, the filament will
“try its best” to adjust its structures to accommodate ther-
2k, mal energy. Differentiating; in Eq. (10) with respect tam,
P=4 TK(\/E) 9 we find that the maximum value of the shape formation en-

ergy densityy is reached at the point whene,=0.9689 and
in the range betweem, andm,, x is a continuously increas-
ing function ofm. Thus, after the buckling process has been
1P triggered, m will try to increase from its initial valuam;,
x= _f (Kep?—27m)ds=f[2L(yYm)—3+4m], (10)  until the valuem, is reached. Sincenis determined by Eg.
PJo (7), we anticipated thak +m will change from a negative
value(and hencen<1/2) to zero (h=1/2) and then become
whereK (k) andE(k) are, respectively, the first and the sec- more and more positiven{>1/2). The question is how this
ond kind of complete elliptic integral, and.(y/m) can be achieved by the Safilament.
=E(JVm)/K(Jm). We know thatg, increases with decreasing temperature,
At the initial stage of buckling, the filament will deform vy exhibits little temperature dependence, and during the
to a configuration to make the threshold conditips O be  cooling process there are no significant changes in the fila-
satisfied, which leads tm=m;=0.339 175 at this stage. The ment radii p, and p;, therefore, the only possible reason
corresponding deformed shape is the dotted curve of Fig. Jaccounting folx +1 changing from negative to positive val-
which is very similar to the observed initial buckling shapeues is thatk,;, the quantity related to the molecular struc-
Ref.[14] [see Figs. (b) and Xc) therein. Furthermore, for tures of SmA filaments, rapidly increases its value. In other
this shape, the amplitude of the deformation is calculated tevords, quench may induce some structural transition in the
be Y= vadmk./f from Eq.(8) and the distance traversed Sm-A filament at the molecular levelln Ref. [14] it is
along the growth direction for one-half of the trajectory pe-speculated that such a transition is thensto cis transition

and the shape formation energy density of each periptbis
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So far we have not discussed the physical meaning of the
parameterf in Eqg. (5). Now we begin to investigate this
question. Our result is thdtis actually the mean repulsive
L force exerted on the filament growing end. There has been
clear experimental evidence that both the assembly and dis-
assembly of microtubular filaments can generate force; how-
ever, only limited quantitative data are available on the ac-
tual magnitude of these forcd20]. In the case of S
filaments discussed here, we estimate the force exerted on
the ends to be on the order of 10 pN. This magnitude is
0.5 reasonable, as indicated by various experiments on thin fila-
ments[20,21]. The forces associated with the assembly and
disassembly of filaments may be of vital biological signifi-
cance. For example, it has long been speculated that the mo-
tion of chromosomes during mitosis of the cell cycle is
caused by the assembly and disassembly of cytoskeletal mi-
crotubed 20].

0 Y To show that the parametéin Eq. (5) corresponds to the
average force exerted at the ends, we will rederive (Bj.

the stable planar shape equation, in another way. The already
grown SmA filament can be viewed as an inextensible
string. When subjected to the constraint of a fixed end-to-end

distance, the total shape energy is expressel agﬁ[kciz
+N+n—f-t]ds, with t(s) = (sinfcosp,sindsing,cosd) being

the string direction vector; herkis a Lagrange multiplier
corresponding to this constraint, which, according to thermo-
dynamic principles, is just the average force exerted by the
environment on the filament ends. The first variatiof

=0 leads to the shape equation expressed in term gf

and their differentiations with respect & For our planar

1 case withd= =/2, the nonstraight stable configurations are
found to be determined by

- /1l ,
0 0.4 0.8 1.2 ¢2:C+k_ccos(¢_¢o+77)- (12)

X

FIG. 3. Onset of self-intersection of the buckled patternmat ’ : . -
=0.731183. The appearance of self-intersections might trigger th\/\/hered)O is the angle between theaxis and the direction of

transition from filament structures to compact domains. The Iengtifhe a,verage fo_rclé(.j_ Fro.m Eq'(lﬁ)dwe Know. that the fila-
unit is the same as in Fig. 1. ment’s tangential directiofgrowth direction t is on average

antiparallel tof, thereforef must be a repulsive force. Com-

paring Eq.(11) with Eq. (5), we can obviously infer that the
occurring in the alkyl chains of the Seiquid crystal ma-  parameteif in Eq. (5) is just the magnitude of the average
terial. Further experimental observations are still needed ifiorce f andC=—2% in Eq. (11). This force is induced by
this respec}. Consequently, the initial curved pattern will thermal current and we have assumed it to be constant
take the form demonstrated by the dotted curve in Fig. 1throughout the growth process.
segments formed later will take the form of the dashed curve, The magnitude of the force can also be estimated from the
and segments formed still later will be the form of the solid buckling amplitude of the filament. As mentioned before, the
curve. This trend is demonstrated more clearly in Fig. 2. Adeformation amplitude Y= v4mk./f, therefore f
buckled pattern resembling that of Fig. 2 has indeed beerr4mk. /Y2 ... At the initial stage of buckling,
observed and recorded in the experiment of Ref] [see m=m;=0.339175, we takek,;=10° dyn according to
Fig. 1 of [14], in particular Fig. 1d)], showing the correct- Ref.[13], and estimate thas,=1.3 wm, p;=0.8 um, and
ness of the pattern formation mechanism based on the conY+,,,=10.4 um from Fig. Xc) of Ref.[14]. Thus the aver-
petition between heat transfer and heat conversion. age repulsive force is calculated to be1.4x10 '3 N or

Whenm is increased to the valum.=0.731183m,, 0.14 pN. It is interesting to note that the forces related to

different segments of the same filament begin to intersect, gsolymeric strings are often on the order of £8-10" pN
shown in Fig. 3. At this stage, the formed serpentine patterng20,21].
may begin to collapse because of possible strong contacting In summary, in this paper we have proposed a theory to
forces and eventually the filament will transform to compactexplain the different pattern formation phenomena induced
domaing14]. Thus actually the optimal valus, cannot be by catastrophic variations of environmental temperature or
reached by the system. other parameters. We then applied this general insight to the
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understanding of the pattern formation process of smectic-Af the material used in the experiment [df4]. The force
filaments grown from an isotropic liquid phase. Exact buck-associated with the pattern formation process of smectic-A
ling patterns have been obtained and compared with experfilaments is estimated to be on the order of 0.1 pN.

ment and we achieved excellent agreement with experiment. one of the authoréZ.H.) appreciates valuable discussions
We also suggested that decreasing temperature leads to sogigh Dr. Yan Jie, Dr. Liu Quanhui, and Dr. Zhao Wei. This
structural transitions at the molecular level for the 8rfila-  work was partly supported by the National Natural Science
ment, possibly therans to cis transition of the alkyl chains Foundation of China.
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